NEW EXAMPLES OF c -SATURATED BANACH SPACES 



I. GASPARIS 

Abstract. For every p 6 (1, oo), an isomorphically polyhedral Banach 
space E p is constructed which has an unconditional basis and does not 
embed isomorphically into a C(K) space for any countable and compact 
metric space K. Moreover, E p admits a quotient isomorphic to i p . 



1. Introduction 

Given infinite-dimensional Banach spaces E, X, we call X E -saturated, if 
every infinite-dimensional, closed, linear subspace of X has a closed, linear 
subspace isomorphic to E. It is a well known fact that l v is £ p -saturated 
for every p € [l,oo). A special case of a result of A. Pelczynski and Z. 
Semadeni [25], states that every C(K) space, where K is a countable and 
compact metric space, is co-saturated. This result was generalized by V. Fonf 
|12j . who showed that every infinite-dimensional Banach space whose dual 
closed unit ball contains but countably many extreme points is co-saturated. 
These spaces are called Lindenstaruss-Phelps spaces [20]. A consequence of 
Fonf's result is that £i-preduals are co-saturated. Fonf [13] showed that 
Lindenstrauss-Phelps spaces are isomorphically polyhedral that is, they are 
polyhedral under an equivalent norm. We recall that a Banach space is 
polyhedral if the closed unit ball of every finite-dimensional subspace has 
finitely many extreme points. He also showed that separable isomorphically 
polyhedral spaces are co-saturated and have a separable dual. The converse 
to this however, is false as was shown by D. Leung [17j . 

There are several open problems related to the behavior of isomorphically 
polyhedral spaces under quotient maps. In this direction, H. Rosenthal 
[27] asked if the dual of a separable isomorphically polyhedral space is l\- 
saturated. We answer this question in the negative by showing the following 

Theorem 1.1. For every p € (1, oo) there exists an isomorphically polyhe- 
dral Banach space E p with an unconditional basis which admits a quotient 
isomorphic to £ p . Moreover, E p is not isomorphic to a subspace of C{K), 
for every countable and compact metric space K. 
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Rosenthal ([27] . [28] ) has also asked another related question, namely if 
every quotient of an £i-predual is co-saturated. E. Odell [24] asked the same 
question for the special case of C{K) spaces with K countable and compact. 
Note that if some of the spaces E p , given in the statement of Theorem 
11.11 was isomorphic to a subspace of a C(K) space for some countable and 
compact metric space K, then standard duality arguments would yield a 
quotient of that C(K) space containing an isomorph of £ p for some p > 1. 

The family of spaces (E p ) p> i is related to an important example due to 
D. Alspach pQ, of an £i-predual which is a quotient of C{oj u ) and yet not 
isomorphic to a subspace of a C{K) space, for any countable and compact 
metric space K. Thus, Alspach's space and the spaces E p share common 
properties, namely they are isomorphically polyhedral with shrinking bases 
and do not embed into any C(K) space with K countable and compact. 
There exist however two major differences between those spaces. 

The first one is that Alspach's space does not have an unconditional basis, 
in contrast to the spaces E p . In fact, it does not embed into a space with 
an unconditional basis. Indeed, it was shown by Rosenthal [26] that every 
£oo-subspace of a space with an unconditional basis must be isomorphic to 
Co- Since Alspach's space is not isomorphic to cq, it does have the aforemen- 
tioned property. We also note that the results of N. Ghoussoub and W. B. 
Johnson [15] imply that Alspach's space does not even embed into an order 
continuous Banach lattice. 

Another difference between the spaces E p and Alspach's space is that none 
of the E p s is isomorphic to a quotient of a separable £oo-space. Indeed, D. 
Lewis and C. Stegall ([IS], [30]) have shown that the dual of an infinite- 
dimensional, separable £oo-space is either isomorphic to £\, or to C[0, 1]*, 
and so it is a space of cotype 2. It turns out however, that every E p contains 
uniformly complemented £"'s and therefore it can not be a quotient of a 
separable £oo-space. 

The spaces (E p ) p> i form a new list of examples of co-saturated Banach 
spaces which admit reflexive quotients. The first example of such a space 
was given by P. Casazza, N. Kalton and L. Tzafriri [10] who showed that a 
certain Orlicz function space is co-saturated and admits £2 as a quotient. It 
was observed in [24] that this space did not posess an unconditional basis. D. 
Leung [18] constructed a co-saturated Banach space with an unconditional 
basis which has a quotient isomorphic to £2- 

Using interpolation methods, S. Argyros and V. Felouzis [5j showed that 
every reflexive Banach space with an unconditional basis admits a block 
subspace which is a quotient of a co-saturated Banach space, as well as 
of an ^-saturated space (1 < p < 00). These methods have been recently 
extended by S. Argyros and T. Raikoftsalis [8] to cover all separable reflexive 
spaces. They show that every separable reflexive space is a quotient of a 
co-saturated Banach space with a basis, as well as of an £ p -saturated space 
(1 < p < 00) with a basis. 
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We shall next describe how this paper is organized. In section [3] we give 
the construction of a family (E p ) pe u 00 \ of spaces having unconditional bases. 
These spaces are closely related to the well known example of J. Schreier 
|29j . We show that every member of this family is isomorphically polyhedral 
by applying results of V. Fonf ([TJ], [13] ) and J. Elton [Tl]. 

We prove in section |4] that E p admits a quotient isomorphic to l v for every 
p > 1. We show in particular, that if (e n ) denotes the natural basis of E p , 
then there exist finite subsets (F n ) of N with maxF n < mini^+i for all 
neN and lim n |F n | = oo, so that the convex block basis (u*) of (e*) given 
by u* = X^eF n (l/l-^l) e i > is equivalent to the usual ^-basis, where q is the 
exponent conjugate to p. It then follows that the averaging map Q : E p —* l p 
defined by Q(Y^ n a n e n) = (YlieF n a i/\E n \)n is a bounded, linear surjection. 

The proof of the fact that each E p is not isomorphic to a subspace of 
a C{K) space with K countable and compact, is given in section [5j By a 
theorem of S. Mazurkiewicz and W. Sierpinski [23], it will suffice showing 
that E p is not isomorphic to a subspace of C(a) for every countable ordinal 
a. We recall here that C(a) stands for the space of real valued functions, 
continuous on the ordinal interval [l,a] endowed with the order topology. 
We also recall that the isomorphic classification of the spaces C(a) is due 
to C. Bessaga and A. Pelczynski [9]. 

To accomplish this task, we use a criterion which gives sufficient conditions 
for a Banach space with a shrinking unconditional basis not to embed in 
C{a) for all a < uj\. This criterion is inspired by an argument due to V. 
Fonf [12] and might be of independent interest. Before giving the precise 
statement, we introduce some notation. If (e n ) is a normalized Schauder 
basis for a Banach space and x, y are blocks of (e„), we write y ■< x if 
KM < K(z)|,for allneN. 

Theorem 1.2. Let (e n ) be a normalized, shrinking, unconditional basis for 
a Banach space X. Assume that there exists a semi-normalized block basis 
(x n ) of (e n ) satisfying the following property: For every M € [N], every 
a < uj\ and every e > 0, there exists a block basis {u m ) m& M of (e n ) with 
finitely many non-zero terms so that 

(1) u m ■< x m , VmG M. 

(2) II J2meM u m\\ = 1- 

(3) || J2 m eF u ™\\ < e ' f or all F C M with F £ S a , the Schreier family 
of order a. 

Then, X is not isomorphic to a subspace ofC(K) for every countable and 
compact metric space K. 

2. Preliminaries 

Our notation is standard as may be found in 22]. We shall consider 
Banach spaces over the real field. By a subspace of a Banach space, we 
always mean a closed, linear subspace. If X is a Banach space then F>x 
stands for its closed unit ball. A bounded subset B of the dual X* of X is 
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norming, if there is some constant p > such that sup x * € B |x*(x)| > 

for all x G A. In case B C Bx* and p = 1, B is called isometrically norming. 

ext(Bx*) stands for the set of the extreme points of Bx*- 

A is said to contain an isomorph of the Banach space Y (or, equivalently, 
that X contains Y isomorphically) , if there exists a bounded linear injection 
from Y into X having closed range. A subspace Y of X is said to be 
complemented in X, if it is the range of a linear, idempotent operator on X. 

A sequence (x n ) in a Banach space is said to be semi-normalized if 
inf n ||x n || > and sup n \\x n \\ < oo. It is called a basic sequence provided it is 
a Schauder basis for its closed linear span in X. (x n ) is equivalent to the usual 
i p basis for some p G [1, oo) (resp. Co basis), if there exist positive constants 

Ai < A 2 such that Xi(TJt=M\ P ) l,P < IIEILi^ll < HEti\ai\ P ) 1/p 
(resp. Aimaxj< n |aj| < || Yli=l a i x i\\ — ^2 maxj< n |aj|) for every choice of 
scalars (aj)™ =1 and all n G N. 

If (e n ) denotes the usual £ p basis for some pG [1, oo), (resp. c$ basis) and 
k G N, then (resp. i*,) stands for the subspace of i v (resp. Co) spanned 
by (ej)f =1 . A Banach space X is said to contain uniformly complemented 
ip's, for some p G [l,oo], if there exist a constant C > and linear maps 
T n : 11 -» A, S n : A -» ^ satisfying 5 n T n x = x for all i£<JJ and ||T n || < C, 
\\S n \\ < C, for all n G N. 

A Schauder basis (e n ) for a Banach space A is called shrinking, if the 
sequence (e*) of functionals biorthogonal to (e n ) is a Schauder basis for A*. 

A basic sequence (x n ) is called suppression 1-unconditional, if for every 
choice of scalars (aj)" =1 , and every F C {1, . . . , n}, we have that |[ XligF a « x «ll 
— II Ya=i a i x i\\- Evidently, such a basic sequence is unconditional, that is, 
every series of the form ^ n a n x n converges unconditionally, whenever it 
converges. 

If (x n ) is a basic sequence in some Banach space A, then a sequence (u n ) 
of non-zero vectors in A, is a block basis of (x n ) if there exist a sequence 
of non-zero scalars (a n ) and a sequence (F n ) of sucessive finite subsets of 
N (i.e, maxF n < minF ra+ i for all n G N), so that n n = X^ieF n a « x «> f° r an 
n G N. We then call F n the support of « n for all n G N. Any member of a 
block basis of (x n ) will be called a Woc/c of (z n ). 

A separable Banach space A is a /^oo-space ([IS], [21])) if there exist 
a constant C > and an increasing sequence (A n ) of finite-dimensional 
subspaces of A with U ra A n dense in A and such that the Banach-Mazur 
distance between X n and £'^ nXn does not exceed C for all n G N. 

If M is an infinite subset of N, then we let [M] denote the set of its infinite 
subsets, while [M] <oc stands for the set of all finite subsets of M. 

Given finite subsets E, F of N, then the notation E < F indicates that 
max.E < mini 7 . If p, v are finitely supported signed measures on N, then 
we write p < v if supp^x < supp^. 

A family T of finite subsets of N is said to be hereditary, if G G T 
whenever G C F and It is called spreading, if {n\, < . . . ,nk} G J- 
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whenever {mi, < . . . , m&} G T and rrii < rii for all i < k. J 7 is compact, if it 
is compact in the topology of pointwise convergence in 2 N . 
The Schreier families {S a : a < uii}, were introduced in [2]. 



The higher ordinal Schreier families are then defined by transfinite induction. 
We do not give the precise definition, since it will not be needed in the sequel. 
All we need to know, is that they are hereditary, spreading and compact, 
and that they exhaust the complexity of the countable and compact metric 
spaces. More precisely, it is shown in [2] that S a is homeomorphic to the 
ordinal interval ], for all a < u%. 



A lot of examples of Banach spaces with unconditional bases, such as 
Schreier's [29J or Tsirelson's [32] spaces, are constructed through the follow- 
ing general method: Given n G N, let e* denote the point mass measure 
at n. In order to simplify our notation, if fj, is a finitely supported signed 
measure on N and n G N, we write \i{n) instead of fi({n}). Suppose that 
M is a collection of finitely supported signed measures on N satisfying the 
following properties: 



(a) : e* G M, for all n G N. 

(b) : \n{n)\ < 1, for all fi G M and n G N. 

(c) : If /U € M and i" C N, then fj,\I G M. 

Then, we can define a norm |j • \\j^ on cqo in the following manner: 



Let X_m denote the completion of (coo, || ■ Ha^)- The conditions imposed on 
M. ensure that (X_m, \\ • \\m) is a Banach space and that the natural basis (e n ) 
of coo is a normalized, suppression 1-unconditional Schauder basis for X_m. 
Moreover, the elements of A4 act naturally as bounded linear functionals on 
Xjvi and in fact, Bx* M is the u?*-closed convex hull in X* M of A4 U — M.. In 
particular, M. isometrically norms X_m and (e*) becomes the sequence of 
functionals biorthogonal to (e n ). We also have that (e*) is normalized. 

For our purposes, given p G [l,oo), we shall choose a particular set M. v 
of non-negative measures on N, subject to conditions (a)-(c), and let E p = 
(X_m p , || ■ H^vip)- To do so, we first fix a sequence (F n ) of successive finite 
subsets of N. This choice of (F n ) does affect the definition of E p . However, 
the isomorphic properties of E p we are interested in, are independent of this 
choice as long as (F n ) satisfies lim n |F n | = oo. More spesifically, E p will be 
isomorphically polyhedral independently of the choice of (F n ). E p will not 
be isomorphic to a subspace of a C{K) space for any countable and compact 
metric space K, if lim n \F n \ = oo. The same growth condition on (F n ) will 
give us that i p is isomorphic to a quotient of E p when p > 1 . 



S\ = {F G [N]<°° : \F\ < minF} U {0}. 



3. The construction of E, 



"p 
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Definition 3.1. (1) A finitely supported measure [i onN is a p-measure, 
if there exists a sequence (G n ) of finite subsets o/N with G n an initial 
segment of F n (we allow G n = 0J, for all n G N so that 

Tp^ e maxG„. and l^Tp^- 1 

n I n\ n I n\ 

(in case G n = for some n G N ; we interpret the corresponding 
summand as the zero measure). 
(2) Let [Mi < • • • < be a finite sequence of non-zero p-measures. For 
each i < k, let nii denote the smallest n E N satisfying F n nsupp [ii ^ 
0. The sequence (/^)f =1 is called admissible, if {min F m . : i < k} G 
Si. 

We now define 

A4 P = < Pi '■ k £ [Mi < ■ ■ ■ < [it is an admissible sequence of 
^ i=l 

p — measures 1 U {e* : n G N}. 

It is clear from the definition that Ai p satisfies conditions (a) and (b). The 
spreading property of S i gives us that (c) is also satisfied. Hence, (c^) is a 
suppression 1-unconditional basis for E p . 

We are going to show that E p is co-saturated. This will be accomplished 
through our next proposition, which provides some natural conditions im- 
posed on a bounded norming subset of the dual of a Banach space with a 
basis, that ensure that the space is co-saturated. The proof of this proposi- 
tion relies on Elton's theorem [11] and a compactness argument used in the 
proof of the reflexivity of mixed Tsirelson spaces [3] . 

Proposition 3.2. Let X be a Banach space with a normalized Schauder 
basis (e n ). Let (e*) denote the sequence of functionals biorthogonal to (e n ). 
Assume there is a bounded norming subset B of X* with the following prop- 
erty: There exists a compact family T of finite subsets of N such that for 
every b* G B there exist F G T and a finite sequence (b^OkeF of finitely 
supported absolutely sub-convex combinations of (e* ) so that b* = YlkeF 

and minsupp6£ > k for all k G F. Then, Y^ n \b*( e n)\ < °°> f or oil b* G B 
and X is cq- saturated. 

Proof. Let K denote the io*-closure of B in X* . K is a u/*-compact subset 
of X* which norms X and thus X embeds isomorphically in C{K). In view 
of Elton's theorem [11], it will suffice showing that (x*(e n )) is an absolutely 
summable sequence for every x* G K. To this end, suppose that B C dBx*, 
for some d > 0, and let (6*) be a sequence in B u>*-converging to some 
x* G K. Our assumptions allow us find, for every n G N, some F n G T 
and a finite sequence {b^ k )k&F n of finitely supported absolutely sub-convex 
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combinations of (e* ) so that 

b* n = Kiki an d min supp > k, V/c G F n . 

keF n 

We may assume, without loss of generality by passing to subsequences if 
necessary thanks to the compactness of J-, that (F n ) converges pointwise to 
some F G T. Moreover, we may assume that for every n G N, F n = F U G n 
with G n disjoint from F and lim ra minG n = oo (this is the case when (F n ) 
has no constant subsequence. Otherwise, the rest of the argument becomes 
simpler and it concludes as in the last paragraph of the present proof). It 
follows from this that w* — lim n J2keG ^nk = 0- 

Indeed, write < = EkeG n Kk and K = EkeF Kk + <. for a11 n G N. If 
M = sup n ||e* ||, then ||n* || < M\F\ + d, for all n G N, as 6* G B C dB x * and 
||&nfc|| — M for all k G F n and n G N. Hence, («*) is a uniformly bounded in 
norm sequence of finite linear combinations of (e*) with lim n min supp n* = 
lim n min G n = oo (assuming, as we clearly may, that it* ^ for all n G N) 
and so u>* — lim n u* n = 0, as required. 

We conclude that x* = w* — lim n X^fcgF ^nk- O nce again, after passing to 
subsequences and diagonalizing, we can assume that w* — lim n b n k = b* k G 
X*, for all A; G F and thus, x* = J2keF K- Fix some ^ £ ^- Since (6* z ) n is a 
sequence of absolutely sub-convex combinations of (e*), we must have that 
J2n\ b K e n)\ < 1- Therefore, 

^|x*( en )|<^^|6|( en )|<|F| 

n fcG-F n 

and so (x*(e n )) is absolutely summable. This completes the proof. □ 

Remark 3.3. In the applications of Proposition the sequence (6^)fc g ^ 
will consist of dis jointly supported absolutely sub-convex combinations o/(e*) 
with {min supp b* k : k G F} G .F. 

We shall actually show that E p is isomorphically polyhedral. This is a 
consequence of the next proposition, which is most likely known although 
we have not been able to find an exact reference. 

Proposition 3.4. Let X be a Banach space with a normalized Schauder 
basis (e n ). Assume that there exists a w* -compact, norming subset B of X* 
such that 

Y,\b*(e n )\ <oo, V6* EB. 

n 

Then, X is isomorphic to a Lindenstrauss-Phelps space and therefore, it is 
isomorphically polyhedral. 

Proof. We first observe that X naturally embeds into C(B), as B is norm- 
ing. Since (b*(e n )) is absolutely summable for every b* G B and (e n ) is 
normalized, we obtain that lim n b*(u n ) = for every normalized block basis 
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(u n ) of (e n ), and every b* € B. It follows now that (it n ) is weakly null and 
thus, (e n ) is shrinking. We next define 

M = {a 1 b*\[l,n] + a 2 e* k : b* £B,ai(£ {-1,0, 1} (i = 1,2), n < k in N}. 

This is a bounded subset of X* . We can now define a norm || • | on X by 

\\x\\j\f = sup Vx € X. 

Let Y = (X, || • ||at)- Evidently, as B is norming, || • is an equivalent norm 
onl. 

We claim that ex.t(By) C M. Let us assume momentarily that this claim 
is proved. Then, clearly, J\f can be covered by a countable union of norm- 
compact subsets of Y*, and so the same holds true for ext(-By). A result of 
Elton [llj now yields that Y is isomorphic to a Lindenstrauss-Phelps space 
and hence, X is isomorphically polyhedral by the results of |13j . 

To prove the claim, we employ Milman's theorem, as N isometrically 
norms Y, and obtain that ext(-By) C A/ . We are going to show that 

if v G ~hP" is infinitely supported with respect to (e*), then v is not an 
extreme point of By*. This clearly implies the validity of the claim. Now, 
since v is infinitely supported, we may write v = o~b* for some infinitely 
supported b* € B and a € { — 1, 1}. Since (b*(e n )) is absolutely summable, 
we can find no € N such that ^2 n>no \b*(e n )\ < 1. We next write 

v = ab*\[l,n ]+ °b*(e n )e* n 

n>no 

and hence, for a suitable choice of signs (cr n ) n>no , we have that 

v= \b*(e n )\(ab*\[l,n ]+a n e* n ) + (l- ]T \b* (e n )\)ab*\[l,n ]. 

n>no n>no 

Since b* is infinitely supported, we have managed to express u as a convex 
combination of distinct elements of M C By and so it can not be an extreme 
point of By* ■ □ 

Remark 3.5. A special case of a result due to G. Androulakis [3\ implies 
that if the w* -compact norming set B in the statement of Proposition \3Jj\ is 
replaced by a boundary set for X, i.e., a subset of the unit sphere of X* on 
which every non-zero vector of X attains its norm, then some subsequence 
of (e n ) spanns an isomorphically polyhedral subspace of X. 

Corollary 3.6. E p is isomorphically polyhedral and (e n ) is an uncondi- 
tional, shrinking normalized basis for E p . 

Proof. It follows directly from the definition of -M p , that (e n ) is a nor- 
malized, suppression 1-unconditional basis for E p . Let /i € Ad p . We first 
verify that the conditions given in Proposition 13.21 are fulfilled by fj, with 
J- = S\. Indeed, this is obvious when \x = e* for some n € N. Other- 
wise, fi = J2i=i f° r some k € N and p-measures Hi < ■ ■ ■ < Hk with 
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{min supp /ij : i < k} £ Si. Since every p-measure is a finitely sup- 
ported sub-convex combination of (e*), we deduce from Proposition 13.21 

that (6*(e n )) is absolutely summable for every b* G A4 p , and that E p is 

co-saturated. We have already observed in the proof of Proposition 13.41 that 

w * 

the summability property of M. p , implies that (e n ) is shrinking. This 
fact of course could be deduced from James's characterization of shrinking 
unconditional bases, as E p is co-saturated and hence it can not contain an 
isomorph of t\. Finally, an appeal to Proposition 13.41 gives us that E p is 
isomorphically polyhedral. □ 

Remark 3.7. J. Lindenstrauss and R. Phelps [20] asked whether the dual 
of a Lindenstrauss- Phelps space has the Schur property. This question was 
answered in the negative by E. Tokarev [31]. The spaces E p for p > 1, also 
provide counterexamples to the preceding question, since it will be shown 
in the next section that they admit quotients isomorphic to l p . A simple 
example of a Lindenstrauss- Phelps space whose dual fails the Schur property, 
is Schreier's space S. Indeed, S, as presented in [M] , is isomorphic to a 
subspace of C{lv u ) and hence it is isomorphic to a Lindenstrauss-Phelps 
space. Letting (e n ) denote the natural normalized Schauder basis of S, then 
(e n ) is shrinking and (e*) is a normalized weakly null sequence in S* . It 
follows now that S* fails the Schur property. It can be shown that S* is 
i\- saturated. 

The next lemma describes a simple method for selecting subsequences of 
(e n ), equivalent to the co-basis. 

Lemma 3.8. (1) Let (G n ) be a sequence of finite subsets ofN with G n 
an initial segment of F n for alln G N, such that J2 n (\Gn\/\F n \) p < 1. 
Then, Ylm^^-a) — 1; f or dl [i G M p . 
(2) Let (G n ) n £i be a finite sequence of finite subsets of N with G n an 
initial segment of F n for all n G / C N, such that ^2 n (\G n \/\F n \) p < 
1. Then, ||Ene/£jfceG n e fcll ^ L 

Proof. We need only prove (1) as (2) follows immediately from (1). Let 
fi G M p . In case \i = e* for some n G N, then the assertion holds triv- 
ially. Every other element of A4 P admits a representation of the form 
M = Ei=i(\ H n\/\F n \) p e* m ^ Hn for some d G N and finite sets (H n ) d n=1 with 
H n an initial segment of F n , for all n < d. 

Now let n G N with n < d. It is clear that either H n is an initial segment 
of G n , or maxif n > maxG„. If the former, then [i{G n ) = (|-ff n |/|F n |) p < 
(IGnl/I^D^. If the latter, then /J.(G n ) = 0. In any case, we have that /J-(G n ) 
< (|G„,|/|F n |) p , for all n < d. Of course, fi(G n ) = 0, for all n > d. Hence, 

EMG„)<^(|G n |/|F n |) p <l, 

n n 



as required. 



□ 



10 



I. GASPARIS 



Remark 3.9. It follows directly from the definition of the norming set A4 P , 
that for every p > 1, the subsequence (e max F n ) of the basis (e n ) of E p gener- 
ates a spreading model equivalent to the usual i\ basis. In fact, it is equiva- 
lent to the corresponding subsequence of the natural basis of Schreier's space. 
Consequently, E p contains uniformly complemented l\ 's. 

4. E p , p > 1, ADMITS A QUOTIENT ISOMORPHIC TO £ p 

In this section we assume that p > 1 and that ^2 n ^/\F n \ < 1. Our 
objective is to show that E p admits a quotient isomorphic to £ p . Let q > 1 
be the exponent conjugate to p. We first introduce some notation. 

Notation. Fix scalars a > 1 and (3 > satisfying ot + < p. Let 7 > 

satisfy a + -^j + 7 = p. 

We also fix a scalar € (0, 1) and set e n = 6 a " , for all n £ N. Note that 
e n+ i = e", for all n S N. It is clear that Y^ n ne\ < 00, for all A > 0. 

We shall also require that mmF n > 1 + 2/e n , for all n G N. The main 
result of this section is the following 

Theorem 4.1. Let u* n = EieF^VI^IK > f or al1 n £ N. Then «) is 
equivalent to the usual basis of l q . 

In the next series of lemmas, we show that (u* ) satisfies upper and lower 
£ q estimates. The lower estimates will be straightforward, while the upper 
ones require some technical calculations. In the sequel, (u* ) is the sequence 
given in Theorem 14.11 

Lemma 4.2. (u* ) dominates the usual £ q basis. 

Proof. Note first that (u*) is a normalized (convex) block basis of (e*) in 
E*. This is so since || X^ieF„ = 1, for all n G N (observe that the support 
of every member of A4 P meets each F n in at most one point). We thus 
obtain that (m* ) is normalized and suppression 1-unconditional. 

Now let n G N and (aj)™ =1 be scalars in [0, 1] with Y17=i a i — 1- ^or eacri 
i < n choose an initial segment Gi of F^ so that 

\Gi\/\Fi\ < of 1 < (1^1/1^1) + 
This choice ensures that 



j=l j=l j=l 

Let u = E?=i EteG- e )i' We deduce from Lemma [3.81 that ||n|| < 1. It 
follows now that 



1 1 



n n 



E«*< > E a ^*w = E a * E(vi*iik(«) =E^(i^i/i^d 

j=l i=l keFi 1=1 



> e^K -1 - (VM) > E a " - E^d- 



=1 
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Next suppose that n G N and (oj)™ =1 is a scalar sequence satisfying Y17=i \ a i\ 9 
= 1. Let I + = {i < n : at > 0} and I~ = I\I + . Our preceding work yields 
that 

"E *"* ^ E - E(vi^i), vj e {+, -}. 

ie/J iG/J 

We deduce now from the above and the fact that (u* n ) is suppression 1- 
unconditional, that 

n oo 

J>< > 1-^(1/|^|) >o. 

i=l i=l 

Therefore, letting A = (1/2)(1 - Y,™iO-/\ F i\)) > °> we obtain that 

1/9 



i=l M=l ' 



for every n G N and all choices of scalars (dj)" =1 
lemma is now complete. 



C R. The proof of the 
□ 



Lemma 4.3. Let u = Y2 n a«e n be a finitely supported vector in E p , with 
\\u\\ < 1 and a n > 0, for all n G N. Suppose that there exist n G N, a /imfe 
se£ / C N and integers with ji G /or a// i G /, so £/tai > e n , 

/or a// i £ I. Then, letting Gi = [mm Fi, ji] f] Fi for all i £ I, the following 
estimate holds: 

^a^mir <(n + l)IHI- 

iei 

Proof. Set h = {i G I : i> n}. Then, set I 2 = {i € h : (|G;|/|F; |f > 1/2} 
and I3 = I± \ I2 ■ It is clear that 



aj^Gil/lFiir < (n-l)maia 3 , < (n - 1) 



The assertion of the lemma will follow once we show that for each s G {2, 3} 
there exists r s G M. v such that 

Ya n (\G t \/\F t \r = r s (u). 
iei s 

To this end, we first claim that I/2I < [2/e n ]- 

Indeed, if the claim were false, I2 would contain at least m = 1 + [2/e n ] 
elements. So let i\ = min/ 2 and choose i\ < i 2 < ■ ■ ■ < i m in I 2 . Consider 
the p- measures Vk = (\Gi k \/\Fi k \) p e* t , for all k < m (observe that by def- 
inition, Gi is an initial segment of Fi for all i G I). We know that i\ > n 
and so minF^ > minF ra > 2/e n , by our initial assumptions on (F n ). This 
in turn implies that minF^ > m and thus, {minFj fe : k < m} G S±. It 
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follows now that (^fc)fcLi is admissible and so v = YlT=i v k belongs to M. p . 
Therefore, 

m 

1 > ||u|| > v(u) = Y. a n k i\ G iM\ F i k \) P > ™(tn/2), 
k=l 

using the hypothesis that > e n and the fact that i k G h for all k <m. 
We infer from the above, that m < 2/e n , contradicting the definition of m. 
This contradiction proves our claim. 

Setting now T2 = ^2i£j 2 (\Gi\/\Fi\) p e*j. we obtain, via the claim, that 
{minFj : i G I2} G Si, as minFjj > mmF n > 2/e n . Hence, T2 G -M p . 
It is also clear that J2iei 2 a ji(\ G i\/\ F i\) P = T 2( u )- 

We next pass to the search for T3. We first choose a (necessarily non- 
empty) initial segment Ji of I3 which is maximal with respect to the condi- 

^onJ2 ieJi (\G t \/\F t \r <1. IncaseJ 1 = / 3 ,wesetr 3 = E ie / 3 (|G' i |/l^!) P 4. 
Then, T3 is a p-measure and so it belongs to A4 P . It is clear that, in this 
case, Eiei 3 ^\Gi\/\Fi\) p = r 3 (.u). 

If Ji is a proper initial segment of I3, then, by maximality, we must have 

i/2<x;(iGii/iw<i l 

ieJi 

as (\Gi\/\F t \)P < 1/2, for every i G I 3 . We now set Ml = £; 6Jl (|G*|/|^|) P 4- 
This is a p-measure satisfying /xi('u) > e n /2 because Oj. > e n , for all i G /, 
andE^d^l/l^ir >l/2. 

We repeat the same process to ^3 \ Ji and obtain an initial segment J2 of 
I%\Ji, and ap-measure ^2 = Sje^dCil/l-^D^e*. so that either JiU J2 = ^3, 
or, J2 is a proper initial segment of I3 \ Ji satisfying ^(u) > e n /2. If the 
former, the process stops. If the latter, the process continues. Because I3 is 
finite, this process will terminate after a finite number of steps, say k. We 
shall then have produced successive subintervals Ji < ■ ■ ■ < J\. of I3 with 
h = U^ =1 J r , and p-measures m < ■ ■ ■ < fj, k with p r = Sj eJr (|Gj|/|-Fi|) p e;-., 
for all r < k. Moreover, fx r (u) > e n /2, for all r < k. 

We claim that k < m = 1 + [2/e n ]. Indeed, assuming m < k, we have by 
the choice of fe, that fJ, r (u) > e n /2, for all r < m. But also, m < mmF n < 
min F m 'm jj, since Ji C/i, and thus, (// r )£Li is admissible. Therefore, 

m, 

1 > \\u\\ > ^^^r("u) > fntn/2, 
r=l 

whence m < 2/e n which is a contradiction. We finally set T3 = X^Li/V- 
Since k < m < m.m.F ra \ ri j 1 , we have that (// r )J? =1 is admissible and so 

r 3 G 7W P . But also, I 3 = U^ =1 J r and so J2iei 3 a ji(.\ G i\/\ F i\) p = T 3<X), 
completing the proof of the lemma. □ 

Lemma 4.4. Let u = ^2 n a n e n be a finitely supported vector in E p , with 
\\u\\ < 1 and a n > 0, for all n G N. Let L be a finite subset of N. For 
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each i £ I, let G® denote the smallest initial segment of Fi that contains 
{j € Fi : a,j > ei} as a subset, while for n £ N, let Gf denote the smallest 
initial segment of Fi that contains {j £ Fi : e n+ \ < aj < e n } as a subset. 
Also, let j™ = maxG" for every n £ N U {0} with Gf ^ 0. Then, given a 
finite sequence of non-negative scalars (pi)igi, the following estimates hold: 

(4.1) J> £ ey/I^I^Cl/eO^a^dG^I/W + ^p? 

iG/ j£Ff.aj>ei iei iei 

(4.2) Eft e oi/i^ii<X)« E a i/i^i+ 

iei jeF i :a j <e n iei j e^V- dj <e n +l 

+ elY,a j? (\G?\/\F\\Y> ' + ^^VneN. 

i6/ iei 

where, in the above, each summand which includes a term of the form Oj-n ; 
imi/i G™ = %, is interpreted to be equal to 0. 

Proof. We first verify the validity of (|4.ip . We set 

/ = {*e/: E « J /l^l>/°r 1 }- 

Suppose that Iq ^ 0. Then, IG-'I/I-Fjl > p1~ l , for all i £ Iq and so 

#<(|G£|/|Fi|)«Kvieio. 

Note also that 

E °i ^ (■ £ ia \ a i)l^l ^ (lAi)a j0 |G°|, V, £ J. 
i< r. : ... i 3* F **i*i 

We infer from the above that 

Eft E ^ Ed^l/I^D^^iK-odG, !/!^!) 

ielo j€Fi-.aj>ei ielo 

= (l/ ei )E^(|G°|/|F,|^ 
iei 

The preceding inequality holds trivially when Jo = 0. By combining the 
above relations we obtain 

Eft E a #»i = £ft E a i/i F ii+ E ^ E a j/i F *i 

iei jeFi:a,j>ei ielo jeFi\aj>e 1 i&I\Ia jeFiiaj>ei 

<(i/ ei )E^>(iG°i/i^i) p + E ^r 1 

iei ieI\Io 

<(l/e 1 )Y / a j o(\G° i \/\F i \y + Y / p! 
iei iei 

and so ([ITT]) holds. 
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We next prove (|4.2p . Fix n € N and set 

Pni = E a,j/\Fi\,\/i e I. 

jeFii e n +i<aj<e„ 

Observe that 

Pni <{ max a,)(\G^\/\F t \) 

< e n (\G"\/\F % \) < (e n /e n+1 )a J? (\G?\/\F l \)y i e /. 

Define I n = {i E I : p n i > e n/^ _1 }- Suppose that I n ^ and let i € J n . 
Then, e^f 1 < ^(\Gf\/\Fi\). Hence, 

We thus obtain from the preceding relations that 

iei n ie^n 

= (4^ /e n+ i) £ a^d^l/l^l) 1 ^ = 6^ a jr (|Gri/|^!) p , 

where, in the above, we made use of the fact that e n+ i = e", and so 

q-P q P P 

- a = -a = p - a = 7, 

q-1 q-1 q-1 q-1 

by the choice of a, P, 7. Note also that the preceding estimate is still valid 
if I n = 0. We finally have the estimate 

^2 Pi ^ aj/\ F i\ = ^2PiPni+ ^2 PiPni + ^Pi a j/\ F i\ 
iel jeFi:aj<e„ ieln iel\l n iSJ jeFt: a,j <e n+1 

<j2pi E a i/\ F i\+4 E pipf 1+ 

iel j€Fi:aj<e n+1 iel\l„ 

+eiY,^(\G7\/\m p 

iel j€Fi:aj<e n+1 

■iel iel 
This proves (JO). □ 



Lemma 4.5. Lei it = ^ n a n e n be a finitely supported vector in E p , with 
\\u\\ < 1 and a n > ; for all n £ N. VFe define, for every i E N, 

A°(<u) = ^ and, A"(u) = ^ aj/|F,|, Vn G N. 

jr'eFiiaj^ei jeFi:aj<€ n 
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Let I be a finite subset of N and {pi)i^i C [0, oo). Then, the following 
estimates hold: 



J>A°(u)<(2/ ei )N| + ;>>? 



16/ iei i£/ 

Proof. Adhering to the notation given in Lemma l4,41 we deduce from Lemma 
Ol that 

2> J? (|G?|/ W < (n + 2)\\u\\, Vn G N U {0}, 

iei 

as a,« > e n +i, for all n G N U {0}. The desired estimates follow now from 
(gZOfand P~2|) . respectively. □ 



Corollary 4.6. Let B = 4(1 + 2/ei + £~ =1 + E^=l (" + 2 ) e « ) ■ T/iCTl > /« 
ewer?/ 1 C N, finite, and all choices of scalars (pi)iei with Yliel \Pi\ 9 — 1? we 



or 



E* 

is/ 



Proof. Assume first that all the /Oj's are non-negative. Let n = Xm a « e «. be 
a finitely supported vector in E p , with ||tt|| < 1 and a n > 0, for all n G N. 
Set <5n — e« + (fi + 2)e^, for all n G N. We now have the following estimates 

=I]pi\ («) + ^p i Ai («) 



iei 



<l + (2/e 1 ) + ^ Pi A?(u) + 5 1) 



by applying Lemma 14.51 Recursive applications of Lemma 14.51 now yield 
that 

n 

< 1 + (2/ei) + ^ #A? +1 H + ^ $ fc , Vn G N. 



fe=l 



But since 7 is finite and lim n e n = 0, there exists some d G N such that 
\f +l (u) = for all i G I. This in turn implies that 

d 

pi<( u ) < 1 + ( 2 Ai) + 5k ^ B < L 

iei k=l 

Since (e n ) is suppression 1-unconditional, this gives us that 

Y,Pi< <B/2. 

iei 

The general case follows immediately from the preceding estimate. □ 
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Proof of Theorem \4-l\ Lemma [4. 2 1 and Corollary I4.6l yield positive constants 
A < B satisfying 

/ n xl/q n , n v l/ q 

A (£i«H ^ £n 9 > 

\=1 ' i=l M=l ' 

for every n G N and all choices of scalars (/?j)™ =1 . Thus, (u*) is equivalent 
to the i q basis. □ 

Corollary 4.7. £ p is isomorphic to a quotient of E p and the map Q: E p ^> 
£ p given by 



QwZ a ne n \ = ( £ a k/\ F n\j 



n y k€F n 

is a well-defined, bounded linear surjection. 

Proof. Theorem 14.11 yields that Q is a well-defined, bounded, linear operator. 
Let (z n ) be the unit vector basis of l p . Then, it is easy to see that Q*(z^) = 
it*, for all n € N. Theorem 14.11 now implies that Q* is an isomorphic 
embedding of £* into E* and therefore, Q is a surjection. □ 

5. E p DOES NOT EMBED IN C(a), a < UJi 

In this section we give the proof of Theorem 11.21 We then apply this 
result to show that for all p > 1, E p is not isomorphic to a subspace of a 
C(K) space for any countable and compact metric space K, provided that 
lim n \F n \ = oo. We first introduce some notation. 

Notation. Let (e n ) be a normalized basic sequence in some Banach space 
X. Let x and y be blocks of (e n ). We write y ■< x if |e*(y)| < |e*(x)| for 
all n € N. In the case where X = C{K) and (e n ) consists of non-negative 
functions on X, we write y ^+ x if < e*(y) < e*(x) for all n E N. 
Evidently, < y < x, pointwise on K. 

It will be more convenient for us to work with non-negative, continuous 
functions on some compact metric space. In this setting, Theorem 11.21 is 
reformulated as follows: 

Theorem 5.1. Let K be a compact metric space and (f n ) be a normalized 
basic sequence in C{K) consisting of non-negative functions on K. Assume 
that there exists a semi-normalized weakly null block basis (g n ) of (f n ) with 
fn(dn) > for all n € N, satisfying the following property: For every M £ 
[N], every a < uj\ and every e > 0, there exists a block basis {u m ) m ^M of 
(fn) with finitely many non-zero terms so that 

(1) u m < + g m , Vm G M. 

( 2 ) \\Em € M U m\\ = 1. 

(3) II EmeF "mil < e > f° r all F CM with F G S a . 
Then, K is uncountable. 

Assuming that Theorem 15. II is proved, we shall give the proof of Theorem 
IL21 
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Proof of Theorem \1.2l Let K be a compact metric space such that C{K) 
contains an isomorph of X. We show that K is uncountable. We first 
choose a normalized basic sequence (h n ) in C(K), equivalent to (e n ), and 
let Y denote the closed subspace of C{K) spanned by (h n ). Let T: X — ► Y 
be an isomorphism with Te n = h n for all n G N. Set c = ||T -1 ||. Let 
(x n ) be a semi-normalized block basis of (e n ) according to the hypothesis 
of the theorem, and set y n = cTx n , for all n G N. Then, (y n ) is a semi- 
normalized block basis of (h n ). It is a routine to check that (y n ) satisfies 
the same property, relatively to (h n ), that (x n ) enjoys in the statement of 
the theorem. 

We next set f n = \h n \, for all n G N. Clearly, (/ n ) is normalized weakly 
null in C(K). By passing to a subsequence if necessary, we may assume, 
without loss of generality, that (/ n ) is basic. Write y n = Yliei bihi, where 
h < h < ■ ■ ■ is a sequence of successive finite subsets of N and (&i)ie/ n are 
scalars for all n G N. Put g n = \bi\fi f° r an n G N. The uncondi- 

tionally of (h n ) yields that (g n ) is semi- normalized. Indeed, letting C > 
denote the unconditional constant of (h n ), fix some t £ K. For each n G N, 
choose a collection of signs (crj)j G / n so that g n {t) = Sie/ h&ihiit). Then, 



9n(t) < 



iei n 



C||s/„| 



Hence, as i G K was arbitrary, ||y n || < ||<7n|| < C||j/n||) for all n G N. Since 
(y n ) is semi-normalized, so is (g n ). 

We also obtain that {g n ) is weakly null. Indeed, let t G K and write, as 
we did in the previous paragraph, g n (t) = J2iei n bi&ihi(t) for all n G N. Set 
r n = Yliel ^iOihi for all n G N. Then, (r n ) is a semi-normalized block basis 
of {hn). Since the latter is shrinking, (r n ) is weakly null and so we get that 
lim n r n (t) = 0. Thus, \\m n g n {t) = as well. The assertion follows since 
t G K was arbitrary and (g n ) is semi- normalized. 

We finally show that (g n ) satisfies the property described in the statement 
of Theorem 15. 11 To this end, let M G [N], a < oj\ and e > 0. We may choose 
a block basis (i> m )meAf of (h n ) with finitely many non-zero terms so that 



v m ^ 2/m, Vm G M, and 



(5.1) 




= 1, while 




< e/C, V F C M, F £ S a 




m£M 




m€F 





Write v m = Siez ^*^*> where |Aj| < for all i E I m and m G M. Define 
w m = Y^iei m \^i\fi- It is clear that w m g m , for all m G M. (|5.ip now 
implies that 





> 


y~] V m 


= 1 
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Using an argument similar to that in the previous paragraph, based on the 
unconditionality of (h n ), we obtain that 





< c 




, VF C M. 


m<=F 




mG-F 





Hence, we deduce from (|5.ip . that || YlmeF w m\\ < for all F C M with 
FGS a . 

Setting u m = w m /\\ Ylm&M w m\\i for all m G M, we see that (u m ) sat- 
isfies conditions (l)-(3) in the hypothesis of Theorem 15.11 Therefore, K is 
uncountable. □ 

The proof of Theorem 15.11 requires some preparatory steps. 

Lemma 5.2. Let K be a set, p > and (e n ) a sequence of positive scalars. 
Let (g n ) be a sequence of non-negative functions on K, converging pointwise 
to the zero function on K . Assume that for every M G [N] ; M = (m n ), 
there exist t G K, I G [N], / = (i n ), o,nd a sequence (u m J of non-negative 
functions on K , satisfying the following: 

(1) u mn < 9mn, for all n G N. 

(2) EliUmM>P- 

(3) (1 + e m JZti UrrH® < umtit), for all n G N. 
Then, K is uncountable. 

Proof. Suppose to the contrary, that K is countable and let (t n ) be an 
enumeration of the elements of K . Choose m\ G N arbitrarily. Using the fact 
that (g n ) is pointwise null on K, we can inductively choose a nested sequence 
Mi D M2 D ... of infinite subsets of N so that letting nik+i = minM/%, for 
all k G N, the following hold: 

m k < m k+i-, V A; G N, and, 

(5.2) J2 9m(tj) < pe mk , Vj < k, VA: G N. 

Set M = (rrifc). Our assumptions yield a sequence (u mk ) of non-negative 
functions on K, an infinite sequence of positive integers (ik), and a t G K, 
satisfying (l)-(3). Suppose t = td for some d G N. We infer from (3) that 

id i d+l 

(! + Em, d ) Um * - £ Um * ' 
i=l i=l 

Note that rrii d+1 > mi d+ i = minMj d , and so (mj)*^ 1 +1 C Mj d . It follows 
now, as ii mj < g mi for all j G N, that 

X u m z (td) < ^ 9rr H (td) < ^ 9m(td)- 
i=i d +l i=i d +l m&Mi d 
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(|5.2p now implies that X]j=i^+i (td) < pe mi ,, as d < i d . We deduce from 
the above that 

id id 
(! + e m, d ) Yl Um * ^ < £ n ™» + P e ™i d ' 

8=1 1=1 

whence, 

h id 
i=l i=l 

contradicting (2). Thus, if is uncountable. □ 

We shall next attempt to localize the content of the previous lemma, in 
terms of countable ordinals. Fix a compact metric space K, a normalized 
basic sequence (/ n ) in C(K), consisting of non- negative functions on K, and 
a semi-normalized block basis (g n ) of (f n ) with fnidn) > for all n G N. 
Assume that (g n ) is weakly null. We also fix p G (0, 1) and a null sequence 
of positive scalars (e n ). 

Definition 5.3. Let M G [N], M = (m n ) ; and F = {m i:L ,< ••• < m in } ; 
be a finite subset of M . An F -chain supported by M , is a finite sequence 
( M rrtJi=i C C(K) with u mi ^4. g mi , for all i < i n , for which there is some 
t G K satisfying the following: 

(1) Zti^M>p- 

(2) (1 + e^JSw^W < EtY ^(i), /or a// k < n. 
Given M G [N], we set 

J~M = {F G [M] <oc : there exists an F - chain supported by M} U {0}. 

Evidently, .F^ is a hereditary family of finite subsets of M. If p < inf n ||<7n||, 
then it is easy to see that J~m contains the singletons of M. We also have 
that T L C F m , for all L G [M] . 

Lemma 5.4. Assume that for every M G [N], Fm is n °t compact in the 
topology of pointwise convergence. Then, K is uncountable. 

Proof. Let M G [N], M = (m n ). Since Fjvf is hereditary and not pointwise 
compact, there exists an infinite sequence of positive integers (i n ), so that 
{m^, . . . ,mi n } G Tmi fo r all n G N. Set M n = {m G M : m < mi n }, for all 
n G N. We can select, for each n G N, a sequence (u m )meAf„ C C(K) with 
ii m ^+ 5m, for all m G M ra , and a t n G K, so that 

^ <i(i n ) > and, 

me Mi 

(l + e m , fe ) ^ u^(g< ^ u m (t n ), Vfc < n. 

Let m G M. Since u m ^+ <7 m , for all n G N with m G M n , we have that 
(, u m)n:m<=M n is a bounded sequence in the finite dimensional subspace of 
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C(K) spanned by (/i)«6suppg m (the support of g m is measured with respect 
to (/ n ))- We can thus inductively select a nested sequence J\ D J2 D ■ ■ ■ of 
infinite subsets of N so that, for all k G N, the sequence (?Cj fe ) ng j fe converges 
uniformly on K to a function u mk :<+ g mk . 

We next choose integers j\ < 32 < ■ ■ ■ with jk £ for all /c G N. We may 
assume, without loss of generality thanks to the compactness of K, that 
lim n tj n = t £ K. It follows that \\m n Um = u m , uniformly on K, for all 
m € M. We deduce from the choices made above, that 

(5.3) Y, ^ <°' and ' 

meMi 

(5.4) (l + e mife ) Yl <{tj n )< Y <(tjJ,Vk<n. 

Finally, let n — > 00 in (|5.3p . while fix k £ N and let n — > 00 in (|5.4p . to 
conclude that 

^ M m W > P, and, 

(l + e mife ) ^ u m (t)< %(i),VfcGN. 
meM k meM k+1 

Since (g n ) is weakly null, we see that the hypotheses of Lemma 15.21 are 
fulfilled and hence K is uncountable. □ 



The key step in proving Theorem 15. II is contained in our next proposition 

Proposition 5.5. Assume that for every M € [N], M = (m n ), every a < lo\ 
and every e > 0, there exist n E N and (n m Jf =1 C C(K) with u mi :<+ g nii 
for all i < n, so that 



Y Um * 



i=l 



1, yet, 



mG-F 



< e, VF C {mi, . . . m n }, F £ S a . 



Then, Tm is pointwise compact for no M € [N] . 

Proof. Let us suppose that for some L £ [N], is pointwise compact. By a 
classical result [23J . will then be homeomorphic to some ordinal interval 
[1,13], with < uj\. The dichotomy result of [14J now yields M £ [L] and 
a < uj\ so that .Fl PI [M] <ao C S^. Therefore, Tu C S^, for some M E [L] 
and a < u)\. 

Since lim n e n = and < p < 1, we can assume, without loss of generality, 
that 



pn( 1 + e ^) < !. where > M = ( 
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We next choose < e < p with (p + e) IJi=i(l + e m,i) < 1- Our assumptions 
yield n G N and (u mi )f =1 C C(K) with u mi ■<+ g mi for all % < n, so that 



E 

i=i 



i, yet, 



E 



< e, VF C {mi, . . .m n }, F e S a 



Choose t G K with Y^" =1 u mj (i) = 1. Note that u mi (t) < \\u mi \\ < e for all 

i < n, as S a contains all singletons. 

Let i\ be the smallest integer in {l,...,n} satisfying Y2l=i u mi(t) — 

p. Clearly, i\ > 1 as u mi (i) < e < p. We also have that ii < n as 
^ (t) > 1 - e > p. 
We next let ii be the smallest integer in {i± + 1, . . . , n} satisfying 
(1 + e mii ) E^-Li < SLi w mi (t). Note that i 2 exists since 

(! + e m n ) X] Um * (*) = ( X + e ™n ) ( 2 u ™» (*) + Um H (*) ) 
1=1 M=l ' 

< (l + e^J^ + e) < 1, 

by the minimality of and since ||u mii || < e. 

We continue in this manner selecting integers ii < ■ ■ ■ < ik < n so that 
for each I G {2, . . . fc}, ij is the smallest integer in {^_i + 1, . . . n} satisfying 

(1 + e mi; _ x ) ^ u mj (t) < ^ u mi (t) . 
i=i i=i 

Moreover, z*. satisfies 1 < (1 + f m ,J £^Li u mi (t). 

It is clear that this process can not carry on after the fe-th stage. We now 
obtain the following estimates: 

1 < (1 + e mifc )Y, u mM = ( 1 + £ ™ lfc ) ( E n ^ (*) + (*) ) 

1=1 M=l ' 

(1 + e m ifc _ 1 ) X] + (*) ) ' since is minima 1 , 

i=i ' 

(k \ ik-i / k \ 

n (n( i+e ^)) u ^(*)- 
j=fe-i 7 j=i S=fc 

A similar argument, using the minimality of ik-i, yields that 

, k n. ifc-2 

i<( n ( i+e ^)) E n ^(*)+ 



j=fe-2 
k 



+( n ( i + e m iJ -))«m ifc _ 1 (*)+ (n^+^pW* 

S=fe-i 7 S=fc 7 



(t). 
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We continue in this fashion, using the minimality of i\ for 2 < I < k and 
after k — 1 steps, we reach the estimate 

k , k v 

u 'm ii (t) 

j=l > 3 =l 3=2 -l=j 

k v ii — 1 k / k 



(fi; \ 61 K / K 

n^ 1 + e ^ ) ) e ^ (*) + e ( n^ 1 + 

3=1 7 3=1 3=2 V H7 

(fc v ii-l k / k \ 

n^ 1 + e ^ ) ) e u ^ w + e ( n^ 1 + ) ) u ^ w 

3=1 7 3=1 3=1 V '=3 7 

/c / k \ k 

<pn( i+e ^)+ (ri( i+e ^)) E n ^W' 

3=1 S = l ' 3=1 



3=^ 3 

by the minimality of «i. 
We infer from the above that 

1 < (jio- + e ^ )) (p + e ^ • 

However, the choice of the indices (ij)^ =1 guarantees that {m^ : j < k} € 
and so {irtj,. : j < k} £ S a . Therefore, by the choice of the u mi 's, we 
have that 

k k 
3=1 3=1 

and so 

k 

l<(p + e)H(l + e mtj )<l. 

3=1 

This contradiction yields the assertion of the proposition. □ 



< e 



Proof of Theorem I5.il The hypotheses of the theorem and Proposition 15.51 
yield that J~m is not pointwise compact for every M € [N]. Lemma 15.41 now 
implies that K is uncountable. □ 

Our final task is to apply Theorem 11.21 to E p and show it does not embed 
into C(a) for all a < u)\. 

Corollary 5.6. Assume that lim n \F n \ = oo. Then, for every p > 1, E p is 
not isomorphic to a subspace of a C(K) space for any countable and compact 
metric space K . 

Proof. Let (e n ) be the natural basis for E p . We know it is normalized, 
unconditional and shrinking. We set x n = Y^ieF e « ^ or a ^ n ^ Then, 
(x n ) is a normalized block basis of (e n ) and thus, it is weakly null. The 
assertion of the corollary will be established, once we show that (x n ) satisfies 
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the assumptions of Theorem 11.21 To this end, let M G [N], a < u\ and 
e G (0, 1). We may assume, without loss of generality, that 

minM > 2 p+1 /e, and, ^ l/\F m \ < 1/2 P+1 . 

mSM 

Let k = minFminA/. It is clear that 1/k < e/2 p+1 . It is shown in [7j (cf. also, 
[6]), that there exist finitely supported probability measures 
on N so that for all i < k, 

supp/ii C M, and, m(F) < e/2 p+1 , V F G S a . 

Fix i < k. For each m G supp /ij we can find an initial segment Gi m of F m 
such that 

(5.5) \G im \/\F m \ < W (m) x /f < (|G im |/|F m |) + (l/|F m |). 

We set n = E m &up PI ,S\ G irn\/\Fm\) p e* maxGm . We next let r = 
Since is a probability measure, (|5.5p yields that r« is a p-measure for all 
i < k. We also have that (ri)* =1 is admissible, as & < mmF m , for all m G M. 
Hence, r G A^ p . We now define 

Vm = Gj, Vm G supp/Uj, Mi<k. 

It is clear that w m ^ x m , for all m G uf =1 supp /ij. We now have the following 
estimate 

(5.6) ^ v m j =Y^ E Ti ^ Vm ^ 

= E( 1 ^) E (\Gim\/\F m \y. 

i=l mesupp /ij 

Taking in account (|5.5|) . we have that 

MiH < [(|G im |/|F m |) + (l/|F m |)] p < 2P(|G im |/|F m |f + (27|F m |*), 
for all m G supp/Xj and i < k, and so, 

1= ^(^)< 2P E (\Gim\/\F m \) p + 2 p ^ 1/|F, 

m£supp/i; m£supp/^i mGsupp /i^ 

for all i < k. (|5.6p now implies that 



m I j 



2 P 



k 



i=\ mesupp/ii 



E E ^ >i-2^(ia) Vl^n 



j=l mesupp /Ltj 

> 1 - 2 p Y (Vl^ml) > 1 " 2f(l/2P +1 ) = 1/2. 

Hence, D = \\ £*Li £ mesuppw > 1/2 P+1 - We finally set 
u m = (1/D)v m , Vm G U i=1 supp/ij. 



21 



I. GASPARIS 



Put also u m = 0, if m ^ U^ =1 supp/ij. It is clear that || YlmeM u ™\\ = an< ^ 
that u m ^ x m for all m € M, as k > 2 P+1 . 

Finally, let F C M, F G We need to show that || Y^m£F u ™\\ < € - 
It will suffice showing that || YlmeF v ™\\ < e/2 p+1 . We can assume that 
F C U 4 fc =1 supp/ii. 

Given m G F, let i m denote the unique i < k with m G supp/Uj. It follows 
that 

m&F m£F jeG Imm 

Let A G Alp. If A = e* { for some I £N, then clearly, 



A(j>J) < 1/fc < e/2P +1 . 



x m<=F 

When |supp A| > 1, then A is of the form 



A = £(1^1/1^1)^^, 



i=l 



where each G{ is an initial segment of F{. It follows now that if A(t> m ) ^ 
then supp A n F m / and G m C Gi mm . Thus, 



and so 



A(v m ) < (\G im m\/\F m \r(l/k), Vm G F 

a(E u -) <(yk)j2(\G imm \/\F m \y 

m£F ' meF 

< (1/fc) »i m (rn), by (53]) 

m£F 
k 

= {l/k)Y J ^i{F)<e/2^\ 

i=l 

as required. □ 
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